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NP Completeness in Nonograms 
 A particularly interesting real-world application of an NP Complete problem is in puzzles 
and games. One such type of logic puzzles which is included in this category are Nonograms. 
These are puzzles where each element of a grid is either filled in or kept blank based on clues 
given as numbers in each row and column. The image below (Figure 1) is an example of a 
nonogram puzzle in both its empty and solved states to provide clarity on how these puzzles 
are set up and solved. 

 
 
 
 
 
 
 
 
 
 
 
  
 
 

 Nonograms are particularly interesting from a computer science perspective because of 
the problems it poses, specifically in relation to time complexity. "The resulting (nonogram) 
puzzle poses a combinatorial problem that combines elements of logical reasoning with integer 
calculations. It can be approached using methods from combinatorial optimization, logical 
reasoning or both, which makes Nonograms highly suitable for educational use in Computer 
Science" (5). 
 
 The nonogram problem is particularly interesting because there are actually several 
different problems within the overarching puzzle problem. These can be simply stated as the 
problem of existence, the problem of solving, and the problem of uniqueness.  
 
 The problem of existence is simply, if given a nonogram, does there exist a solution. A 
solution here would be a grid where all squares are either filled or left unfilled, and every 
numerical requirement for the rows and columns. This is a problem which only has two options 
for the answer: yes, there does exist a solution, or no, there does not exist a solution. In order 
to understand the time complexity of finding whether a solution exists, we can define a 
nonogram as a graph, and redescribe the problem. The new definition of the problem of 
existence can be described as the following. 
 



 "Given a certain AND/OR constraint graph G with the properties and restrictions as 
 given in section 2.2, and an edge e. Is there a sequence of moves on G that will 
 eventually reverse e, such that the final configuration is legal and each edge is reversed 
 at most once? This problem is called the Bounded Nondeterministic Constraint Logic 
 problem, or shortly the Bounded NCL problem" (1). 
 
 This Bounded NCL problem can be polynomially reduced to a satisfiability problem, or 
SAT problem. Here, specifically, the problem can be reduced into a 3-SAT problem, meaning 
that "each of the clauses may contain at most three literals" (1). We know that satisfiability 
problems are NP Complete (2). Thus, we can conclude that the Bounded NCL problem, and 
therefore the nonogram existence problems are NP as well. 
 Next, we can look at the nonogram solvability problem. Here, we can look at the Planar 
Bounded Nondeterministic Constraint Logic  problem, or Planar Bounded NCL problem. This 
problem can be reduced to the nonogram solution problem (1). We know that the Planar 
Bounded NCL problem is NP-complete, thus the nonogram solution problem must also be NP 
complete.  
 
 "We reduce the Nonogram solution problem to the Bounded NCL problem in the 
 following way: we create a Nonogram in which we can perform pixel colourings that are 
 equivalent to reversing edges in a planar constraint graph situations, and show that they 
 correspond to eventually reversing an edge connected to an AND or an OR vertex" (1). 
 
 Lastly, we can look at the nonogram uniqueness problem. This problem is particularly 
similar to the Another Solution Problem, or ASP. From the ASP, we can then look at the Three 
Dimensional Matching Problem, or 3DM. The 3DM is an NP Complete problem (3). Without 
going into specifics of the 3DM, we know the following. 
 
 "We show NP-completeness by reducing the 3DM problem to the Nonogram existence 
 problem. We create a Nonogram situation in which we obtain the same number of 
 results as in 3DM, such that we have a parsimonious reduction" (1). 
  
 Thus, we can conclude that all three sub-problems within the overarching Nonogram 
problem are NP Complete. After looking at all these problems, we can conclude easily that 
finding both the existence of a solution, the solution, and the number of solutions are all NP 
Complete. Thus, the problem must be solved heuristically.  
 
 Note: Understanding nonograms and the time complexity of the nonogram problem is 
 particularly helpful for understanding other puzzles and games. The ability to prove that 
 the ASP is NP Complete not only provides more information about the nonogram 
 problem, but also many other puzzle games which have NP time complexity. "An 
 application to the field of combinatorial puzzles, we proved the ASP completeness of 
 three popular puzzles: Slither Link, Number Place, and Fillomino. These results indicate 
 that designing these sorts of puzzles, as well as solving, is essentially difficult. We hope 
 that more ASP-completeness results will appear" (6). Puzzle games such as these 



 mentioned have a lot of mystery surrounding them in regards to whether they can be 
 solved in polynomial time rather than being NP. 
 
 There are several different ways that people have tried to solve the nonogram problem. 
The two most prevalent solutions use either a genetic algorithm or a depth first search 
algorithm. The main issue with using genetic algorithms is that it is possible that the solution 
could get stuck in local optima. Using a depth first search algorithm doesn't cause this same 
issue, but the execution speed of this approach is extremely slow (4). 
  
 In a paper by K. Joost Batenburg and Walter A. Kosters titled, ON THE DIFFICULTY OF 
NONOGRAMS, several approaches were taken for solving nonograms. For a more detailed 
explanation of the techniques used to solve nonograms and collect the following data, please 
refer to their paper. In essence, Batenburg and Kosters employed a technique called 
FOURSOLVER to solve these nonograms. It included several steps, first employing The SETTLE 
approach was implemented by "fill(ing) in all unknown elements of a row or column that are 
uniquely defined by the combination of the line description and the set of known elements on 
that line" (5). Then, FOURSOLVER " considers four pixels at a time, that are in rectangular 
position and unknown so far" (5), and finishes solving the problem. 
 
 In the data shown below, 33,554,432 5×5 nonograms were tested. They were separated 
by difficulty based on its line descriptions. In this test, there were found to be difficulty levels 
from 1 to 17. The nonograms were also divided into simple and hard nonograms. Columns 2 
and 3 show the number of nonograms which fall in each category. The next two categories are, 
respectively, the number of nonogram puzzles FOURSOLVER was able to make some progress 
on, and those where it could make no progress. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 The following is a similar set of data, but with nonograms of size 6x6 being tested 
instead of 5x5.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 

 From this data, Batenburg and Kosters were able to conclude that, "the difficulty of 
Nonograms follows a complex behaviour, ranging from simple Nonograms that can be found in 
puzzle books to highly difficult ones that can only be solved by an exhaustive search, handling 
the underlying NP-hard combinatorial problem" (5). 
 
 Based on this the conclusion of Batenburg and Kosters, we can now understand that 
both the difficulty of Nonograms and the existance one or more solutions to a given nonogram 
are both NP Complete. 



Sources 
(1) Complexity and solvability of Nonogram puzzles 
http://fse.studenttheses.ub.rug.nl/15287/1/Master_Educatie_2017_RAOosterman.pdf 
(2) Lecture 20- Satisfiability is NP Complete 
http://www.cs.columbia.edu/~aho/cs3261/Lectures/L20-Satisfiability.html 
(3) NP-completeness Results for Nonograms via Parsimonious Reductions 
https://pdfs.semanticscholar.org/1bb2/3460c7f0462d95832bb876ec2ee0e5bc46cf.pdf 
(4) An Efficient Algorithm for Solving Nonograms 
https://www.researchgate.net/publication/220204911_An_efficient_algorithm_for_solving_no
nograms 
(5) ON THE DIFFICULTY OF NONOGRAMS 
https://liacs.leidenuniv.nl/~kosterswa/nonodec2012.pdf 
(6) COMPLEXITY AND COMPLETENESS OF FINDING ANOTHER SOLUTION AND ITS 

APPLICATION TO PUZZLES 

http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.74.6324&rep=rep1&type=pdf 
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